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In this work we study a plankton ecosystem model in a turbulent flow. The plankton model we consider
contains logistic growth with a spatially varying background carrying capacity and the flow dynamics are
generated using the two-dimensional 2D Navier-Stokes equations. We characterize the system in terms of a
dimensionless parameter, TB /TF, which is the ratio of the ecosystem biological time scales TB and the flow
time scales TF. We integrate this system numerically for different values of  until the mean plankton reaches
a statistically stationary state and examine how the steady-state mean and variance of plankton depends on .
Overall we find that advection in the presence of a nonuniform background carrying capacity can lead to very
different plankton distributions depending on the time scale ratio . For small  the plankton distribution is
very similar to the background carrying capacity field and has a mean concentration close to the mean carrying
capacity. As  increases the plankton concentration is more influenced by the advection processes. In the
largest  cases there is a homogenization of the plankton concentration and the mean plankton concentration
approaches the harmonic mean, 1 /K−1. We derive asymptotic approximations for the cases of small and large
. We also look at the dependence of the power spectra exponent, , on  where the power spectrum of
plankton is k−. We find that the power spectra exponent closely obeys =1+2 / as predicted by earlier
studies using simple models of chaotic advection.
DOI: 10.1103/PhysRevE.79.061902 PACS numbers: 87.23.Cc, 47.27.T, 47.63.mc
I. INTRODUCTION
Plankton is abundant throughout the oceans, seas, and
lakes of the earth. As it is at the base of the food chain its
distribution plays a major role in marine ecology at all levels.
Its distribution, or spatial variability, is affected by a variety
of factors, the availability of light and nutrients, the complex
interactions between different types of plankton such as phy-
toplankton and zooplankton, and the ocean circulation which
advects, stirs, and mixes the plankton ecosystem.
There have been many studies of a range of ecosystem
models in an effort to explain the spatial heterogeneity
patchiness of plankton distributions which have been ob-
served in the ocean see 1,2 for a review. The earliest
models focused on the biological factors, i.e., the interdepen-
dence of phytoplankton, zooplankton, and nutrients with the
ocean circulation being represented by diffusive processes
3–6. More recently studies have taken into account the
presence of advection. Beginning with Abraham 7, which
considered an ecosystem model with time-dependent carry-
ing capacity, phytoplankton, zooplankton with a maturation
time, coupled to a two-dimensional turbulent flow. The re-
sulting spectra showed that phytoplankton had a steeper
spectral slope than zooplankton as a result of the fact that
zooplankton has a longer reaction time than phytoplankton
and thus there is more time for it to be mixed down to
smaller scales. Birch et al. 8 approached the problem by
focusing on a single-component model, i.e., phytoplankton,
containing just logistic growth, advection and diffusion. In
their model the growth rate is variable and they examined the
survival-extinction transition when the growth rate is nega-
tive. When the system is in a survival regime they found
upper and lower bounds on the biomass and productivity.
Bracco et al. 9 examined how certain physical processes
influence the relative spectral slopes of tracers at the sea
surface. They find that for tracers with reaction/biological
time scales longer than the flow time scale the dominant
process in determining the spectral slope of the tracers is
turbulent diffusion. When the supply is uncorrelated with the
flow the behavior of the tracers is determined by the reaction
time scale.
Despite the numerous studies of plankton patchiness it is
still not clear what role the ocean transport processes play in
the overall distribution of plankton. The importance of the
biological and fluid dynamical parts usually vary for each
model depending on the typical time scales associated with
the ecosystem biological processes, TB, and the fluid dynami-
cal processes, TF. The relative impact of these processes can
be characterized by the nondimensional ratio =TB /TF.
While the previous work mainly focused on plankton patchi-
ness and has identified the effects of transport processes on
the scaling properties of the fluctuations of the plankton dis-
tribution e.g., spectral slope or roughness exponent, there
has been relatively little work in understanding and quanti-
fying the influence of mixing on the total or average concen-
tration, which is however an important quantitative charac-
teristic of marine ecosystems. We study the effect of the time
scale ratio, , on the global statistical properties of the plank-
ton distribution. We quantify the distribution of plankton us-
ing statistical measures such as the spatial mean or average
concentration of plankton, defined as
Px,t 
1
A  Px,tdxdy , 1
where Px , t is the plankton concentration and A is the area
of the domain, and the variance
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varPx,t  Px,t − Px,t2 , 2
which is a measure of the degree of fluctuation of concentra-
tion away from the mean. We will examine how these statis-
tical quantities depend on the time scale ratio parameter .
We consider a minimal phytoplankton model, with logis-
tic growth, advection, and a nonuniform carrying capacity,
which is the simplest model in which mixing has nontrivial
effects. The carrying capacity used varies in space. This re-
flects the spatial heterogeneity or patchiness of plankton seen
in the ocean, where plankton blooms are found where nutri-
ents are in abundance. Although this is a basic model, it
provides a good test case for examining the competition be-
tween the biological and fluid dynamical processes and pro-
vides insights into more realistic cases. In the following sec-
tion we introduce the model, both the fluid dynamical and
plankton ecosystem components. In Sec. III we present the
results from our simulations and analyze the limits of small
and large , and we conclude in Sec. IV.
II. MODEL
A. Turbulence model
For our fluid dynamical model we use the two-
dimensional 2D incompressible Navier-Stokes equations,

t
+ u ·  = F + D , 3
where ux , t= u ,v is the two-dimensional velocity field,
v /x−u /y is the vorticity field which is a scalar in 2D
flows, D is the dissipation, and F is the forcing. The 2D
Navier-Stokes equations are relevant to large-scale geophys-
ical turbulence since the earth’s rotation tends to inhibit ver-
tical motions, making the dynamics quasi-two-dimensional
10,11. The use of the 2D Navier-Stokes equations has an
advantage over models using some effective diffusion or
with an analytically prescribed velocity field since there are
vortices present in the Navier-Stokes model. Many observa-
tions of the oceans reveal the presence of vortices which are
often long lived and have an important effect on the horizon-
tal transport and mixing processes see 12 and references
therein.
Equation 3 is solved on a doubly-periodic domain, x
= − , and y= − ,, using a pseudospectral method
with a fourth-order Runge-Kutta scheme for the time integra-
tion. The grid resolution used is ng
2
=10242. Here the dissipa-
tion is a combination of hyperdiffusion of the form Dhi
=−8, and linear friction given by −, which prevents
accumulation of energy at the largest scales via the inverse
cascade. The forcing is applied in spectral space at a wave
number kf =10 and is given by Fk=Aei	, where A is the
fixed forcing amplitude and 	 is a random phase between 0
and 2, which varies at each time step. We initialize our
simulation with a smooth random vorticity field which we
then integrate until a statistically stationary state is reached.
This will be used as the initial condition for our simulations
using the coupled plankton-fluid system. Figure 1a shows
the vorticity field obtained in the statistical steady state.
The energy spectrum is shown in Fig. 1b and has a
spectrum close to k−3 downscale of the forcing wave number
as is predicted in the theory of 2D turbulence 13,14.
B. Ecosystem model
For the plankton dynamics we consider the simplest
model that with advection produces a nontrivial spatial struc-
ture that is the logistic growth with nonuniform carrying ca-
pacity that is assumed to be smooth in space varying on large
scales, which are comparable to the forcing scale
P
t
+ u · P = rP	1 − PKx
 , 4
where PPx , t is the phytoplankton distribution, r is the
maximum phytoplankton growth rate, KxK0−
 cosx
+y is the nonuniform carrying capacity with minimum and
maximum values of K0−
 and K0+
, respectively, and a
mean value Kx ,y=K0. For our simulations we have set
K0=3 /2 and 
=1 /2. Similar forms for the carrying capacity
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FIG. 1. Color online a The vorticity field at the statistical steady state in the doubly-periodic domain x= − ,, y= − ,. The
minimum and maximum vorticity contours plotted are −0.7 light/red and 0.7 dark/blue, respectively. b The energy spectra Ek.
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were used in Abraham 7 and Tzella and Haynes 15. For
the initial plankton distribution we choose a smooth random
field with minimum and maximum values of 0.0 and 1.7K0,
respectively. The ecosystem equations are integrated using a
semi-Lagrangian scheme. The advecting fluid velocity is ob-
tained from the pseudospectral method as described in the
previous section, whereas the plankton dynamics is solved
within fluid parcels, whose motion are tracked using the mid-
point method and then calculated on grid points using bicu-
bic interpolation see 16,17 for details of the semi-
Lagrangian method. We do not add diffusion explicitly in
our model, but some numerical diffusion is always present as
a result of using interpolation in the semi-Lagrangian scheme
as is discussed in the work by Dritschel et al. 18.
For the plankton model the system can be characterized in
terms of the parameter TB /TF, where the biological time
scale is just the inverse of the growth rate, i.e., TB1 /r, and
we estimate the flow time scale from TF=L /U, where L is
the forcing length scale L2 /kf and U is the root-mean-
square velocity field. Thus  is given by
 =
U
rL
. 5
In our simulations we use just one fluid dynamical case
which is provided by the initial conditions shown in Fig. 1.
We fix the characteristic fluid time scale TF to unity so that
our time units are defined in units of TF; however we exam-
ine a range of values of the time scale ratio  by varying the
growth rate.
III. RESULTS
A. Time evolution
We perform a number of simulations for a large range of
values of the parameter . We integrate the equations until
the mean plankton has reached a steady state, P= PS,
where dPS /dt=0. Figure 2 shows the evolution of a the
mean and b the variance of the plankton field for 
=0.018, 0.18, 1.8, and 18.
For each  case there is an initial adjustment period be-
fore the mean plankton reaches a steady state. For =0.018
and 0.18 the mean plankton rapidly grows to the steady-state
value. However for =1.8 and 18 the mean plankton initially
decreases to a minimum before increasing again as it slowly
approaches a steady state. The time taken for the mean
plankton to reach a steady state appears to grow with . This
makes reaching PS as  gets large very difficult numeri-
cally. The steady state of the variance of plankton however
converges much more quickly.
In Fig. 3 we plot snapshots of the plankton field after P
has reached the steady state, for a number of values of . For
small  Figs. 3a and 3b the plankton distribution is
close to the background carrying capacity field Kx ,y, but
as  increases the plankton experiences turbulent advection.
Effectively as the plankton moves it tries to relax to the local
carrying capacity. When  is small it is able to do this so
quickly that while advection moves individual plankton par-
cels around, each parcel just takes on the value of the local
carrying capacity field. For moderate values of  the plank-
ton parcels can only partially relax to the background carry-
ing capacity before they are advected to another place. The
spatial heterogeneity or patchiness seems to be a combina-
tion of the prescribed spatial structure of the carrying capac-
ity and of the coherent structures within the flow. In the
largest- cases the plankton field is almost uniformly distrib-
uted throughout the domain. The spatial structure of plankton
seen in Fig. 3d looks typical of what is commonly seen in
satellite images of plankton at the mesoscale, where advec-
tion processes and plankton biological processes occur on
time scales of the same order of magnitude. However in the
ocean the value of  can widely vary depending on the re-
gion and the season.
Apart from the spatial structure the average of the plank-
ton field also depends on . In Fig. 4 we plot the steady-state
mean a and variance b of the plankton distribution as a
function of .
The asymptotic values of PS and varPS are marked by
solid lines, which we will derive in the next section. Overall
it appears that PS and varPS decreases monotonically
with .
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FIG. 2. Color online The evolution of a the mean plankton and b the variance of plankton. The different curves plotted are 
=0.018 thick solid line, 0.18 thin solid line, 1.8 pluses, and 18 crosses.
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To provide insight into this behavior it is worth examining
the system in the limits as → and →0 by expanding P
in a perturbation expansion,
P = P0 + P1 + 2P2 + ¯ , 6
where  is the small parameter either  or 1 / depending on
which limit is considered. It follows that the mean and vari-
ance of plankton are given by
P = P0 + P1 + 2P2 + ¯ , 7
varP = varP0 + 2P0P1 − P0P1 + 2varP1
+ 2P0P2 − P0P2 + ¯ . 8
Equation 4 can be rewritten in terms of the dimensionless
parameter  as
P
t
+ u · P =
1

P	1 − PK
 . 9
B. Small- limit
In the case →0, = and using Eq. 6 in Eq. 9 we
obtain
0:P0 = K , 10
1:P1 = − u · K , 11
2:P2 =
u
t
· K + u · u · K −
u · K2
K
. 12
Using the incompressibility of the flow  ·u=0 we can
write u ·K= · uK. Taking the spatial average of these
equations, we can use that  ·F=0 for any vector function
F in a periodic domain. Therefore the linear term vanishes
after averaging. We can use the same property in the second-
order term, and assuming that we are at a steady state where
dPS /dt=0, we obtain the perturbation expansion for PS,
which is
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FIG. 3. Color online Contour plots of the equilibrium plankton
fields for =0.0018, 0.06, 0.18, 1.8, 18, and 175 going from left to
right and from top to bottom. The minimum and the maximum
contour values are 1.0 dark/blue and 2.0 light/red.
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FIG. 4. Color online The equilibrium statistical values of a mean and b variance of plankton versus  in log scale. The solid lines
in a and b represent the asymptotic values of PS and varPS in the two limits →0 and →.
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PS = K − 2u · K2K  + ¯ . 13
Since the turbulent velocity field is statistically homogeneous
and isotropic and not correlated with the carrying capacity
field we can apply the relation AB= AB to obtain
PS = K −
2
2  K2K  + ¯ , 14
where we have used the fact that u2=1 since the dimen-
sions are now contained in the parameter =U /rL. For the
variance we obtain
varPS = varK − 23u · K2 − 2K u · K2K 
+ ¯ , 15
varK − 232 K2 − K K2K  + ¯ .
16
Thus, in the case when the plankton growth rate is much
faster than advection by the flow the average plankton con-
centration is equal to the average carrying capacity. For small
positive  the average and the variance decrease quadrati-
cally with a coefficient that is a measure of the magnitude of
the advective flux across the isocontours of the carrying ca-
pacity distribution.
In Fig. 5 we compare the numerical results crosses
against the estimates based on the perturbation analysis
solid curve for small . For 0.06 the perturbation analy-
sis captures the full dynamics. However for greater values of
 the full solution diverges from the perturbation expansion,
as one would expect as the perturbation approximation
breaks down for large .
C. Large- limit
In the case →, =1 / and taking the perturbation ex-
pansion of P gives the equations
0:
P0
t
+ u · P0 = 0, 17
1:
P1
t
+ u · P1 = P0	1 − P0K 
 , 18
2:
P2
t
+ u · P2 = P1	1 − 2 P0K 
 . 19
The first equation implies P0 is materially conserved. How-
ever these equations are nontrivial and do not provide a way
to determine the perturbation coefficients. Another approach
to this case is to consider the equation for a Lagrangian par-
ticle Pt, i.e.,
dP
dt
= rP	1 − PKt
 , 20
where now the carrying capacity varies with time along the
Lagrangian trajectory. This equation can be written in inte-
gral form as
Pt = 
0
t
rer−t
K
d +
e−rt
P0−1, 21
where P0 is the initial plankton concentration. If we con-
sider the particle after a long time t1 /r, we can neglect the
term with the initial condition. Now we consider the limit
when r1 and split the integral into intervals of time T,
where 1T1 /r,
Pt = 
n=0
n
re−rTn−n

nT
n+1T 1
Kt
dt−1, 22
where n= t /T1, and the integral
X 
1
TnT
n+1T 1
Kt
dt =  1KT 23
is just the Lagrangian mean of the function 1 /Kt denoted
by the overbar over the time interval T, corresponding to the
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FIG. 5. Color online a and b show PS and varPS as a function of  for the small- limit. The crosses are the numerical results
and the solid curves are the estimates given by the perturbation analysis.
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nth segment of the trajectory. The function 1 /Kt fluctuates
within some bounded values about its mean which is given
by its spatial average 1 /K. Due to the chaotic nature of the
Lagrangian trajectories the fluctuations of 1 /Kt have a fi-
nite correlation time TC that is a characteristic of the flow
and may also depend on the length scale of the spatial struc-
ture of K. When T is much longer then this correlation time,
X can be interpreted as the sum of independent identically
distributed random variables, and by the Central Limit Theo-
rem it has a Gaussian distribution with a mean 1 /K and a
variance of var1 /K /nc, where nc=T /TC. Equation 22 can
be rewritten as
P =
1
k=0

rTe−rkTXk
=
1
Y
, 24
where k=n−n and since rT1 the upper limit can be ex-
tended to infinity. Y is thus a linear combination of Gaussian
random variables, which is thus also Gaussian. In the r→0
i.e., large- limit the plankton field is almost uniform and
the dominant contribution comes from the region around the
mean. We can Taylor expand this function about its mean
YY0 to get
P =
1
Y0
−
Y − Y0
Y0
2 +
Y − Y02
Y0
3 + ¯ . 25
Thus the mean and the variance of P are given by
P =
1
Y0
+
varY
Y0
3 + ¯ , 26
varP =
varY
Y0
4 + ¯ , 27
where Y0 is
Y0 = 
k=0

rTe−rTkX , 28
but this is a geometric series and can be estimated as

k=0

rTe−rTk =
rT
1 − e−rT

rT
1 − 1 + rT
= 1, 29
so that Y0= X= 1 /K. The variance of Y is
varY = var
k=0

rTe−rTkX , 30
=
k=0

r2T2e−2rTkvarX , 31

1
2
rTCvar1/K . 32
So finally we have
P =  1K−1 + var1/K21/K3 aT + ¯ , 33
varP = var1/K21/K4 aT , 34
where aTTC /TF. So in the large- limit PS decreases
with  and the asymptotic value is the harmonic mean of the
carrying capacity 1 /K−1, which by the Jensen’s inequality
is always smaller than the average carrying capacity for any
nonuniform K. The variance goes to zero indicating that the
plankton distribution is close to uniform when the flow is
much faster than the plankton growth rate as in the numerical
simulations.
In Fig. 6 we examine the large  limit. In the inset we plot
PS and varPS against 1 / to show the dependence on 1 /
in the large- limit, as was found in the perturbation analy-
sis.
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FIG. 6. Color online a and b show PS and varPS versus  main figure and 1 / inset for some large- values. The crosses are
the numerical results and the thick solid curves are estimates given by the perturbation analysis. In b we also plot a fitted quadratic curve
thin line.
WILLIAM J. MCKIVER AND ZOLTÁN NEUFELD PHYSICAL REVIEW E 79, 061902 2009
061902-6
In order to estimate the correlation time TC we use a La-
grangian method, which determines how the value of the
function 1 /K varies along a Lagrangian trajectory. We find
that TC8TF, which is consistent with our system where the
vortex sizes are smaller than the bands over which the car-
rying capacitance varies. For the mean plankton the theory
agrees with the numerical results; however there are signifi-
cant differences for the estimate of the variance of plankton
from the numerical results. In fact the dependence on 1 /
appears to be quadratic for the variance, as is shown in Fig.
6b where we have fitted a quadratic curve green line. The
reason for the disparity between the results and the theory for
the variance is due to the fact that in this Lagrangian ap-
proximation we completely neglected the effect of numerical
diffusion. Although this has a negligible effect on the aver-
age plankton concentration it leads to a numerical dissipation
of the concentration fluctuations, which becomes important
in the singular large- limit, when the plankton field behaves
almost like a passive scalar. Since this is not included in the
Lagrangian representation, our prediction overestimates the
variance of the plankton concentration in the large- limit.
This has been confirmed by direct Lagrangian numerical
simulations for the plankton dynamics using Eq. 20, which
give linear dependence on 1 / and larger values of the vari-
ance than the solution of the full system when  is very
large.
D. Power spectrum
In order to see how the spatial distribution of the equilib-
rium plankton is affected by changes in , it is useful to look
at the power spectra of the equilibrium plankton fields. In
Fig. 7 we show the spectra for the cases =0.18, 0.6, and
114.
In each case the solid lines indicate the spectral slopes
which are k−. For the case =0.18, most of the plankton is
concentrated at small wave numbers; this is consistent with
the carrying capacity concentration field. For larger values of
 the larger wave numbers become more significant and the
spectrum approaches a k−1 slope as is found for the spectrum
of passive tracers in the so-called Batchelor regime.
In the work by Neufeld et al. 19 also see 20 the
exponent  for a decaying chemical field was found to be
=1+2b /F, where b is the decay rate of the chemical and
F is the Lyapunov exponent of the flow. In our case the
stability of the steady state is controlled by the growth rate r
instead of the decay rate b. This theory applies when there is
a single well defined Lyapunov exponent; however in our
case measurements of the Lyapunov exponent over a finite
time using an ensemble of initial conditions reveal a range of
values for the Lyapunov exponent. This distribution of
Lyapunov exponents may be due to the presence of long-
lived coherent structures, which can restrict the dispersion of
nearby trajectories which are within these vortices. Chertkov
et at 21, Nam et al. 22, and Neufeld et al. 23 showed
that such a distribution of the Lyapunov exponents can
modify the formula for the exponent . For our case we have
found that the formula is better approximated when we use
the inverse of the flow time scale instead of the Lyapunov
exponent, i.e., 1 /TF=U /L. Thus in terms of the parameter 
we obtain the expression
 = 1 +
2

. 35
In Fig. 8 we compare this expression solid curve with the
results obtained from the numerically simulations crosses.
This simple formula seems to give a remarkably accurate
prediction of the spectral slope  as a function of .
IV. CONCLUSIONS
In this paper we examined a basic coupled plankton-fluid
dynamical system in order to understand the relative impor-
tance of advective transport and biological plankton growth.
Overall we found that advection in the presence of a nonuni-
form background carrying capacity can lead to very different
plankton distributions depending on the time scale ratio .
For small  the plankton concentration is very similar to the
background carrying capacity field and has a mean concen-
tration close to the mean carrying capacity field, i.e., K. As
 increases the plankton concentration is more influenced by
the advection processes and the structures within the flow,
such as vortices. In the largest- cases there is a homogeni-
zation of the plankton concentration, only feeling the average
effect of the carrying capacity field. In the large- limit the
(a)
k
Pˆ (k) 3.6
-6
-4
-2
0
2
4
6
8
1 10 100 1000
(b)
k
Pˆ (k)
2.6
-3
-2
-1
0
1
2
3
4
5
6
7
1 10 100 1000
(c)
k
Pˆ (k)
1
-4
-3
-2
-1
0
1
2
3
4
1 10 100 1000
FIG. 7. Color online Equilibrium plankton spectra for = a 0.18, b 0.6, and c 114. Spectral slopes  are indicated where Pk
k−.
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mean plankton concentration approaches 1 /K−1. Our analy-
sis of the power spectra shows that as  increases the plank-
ton behaves more like a passive tracer where the spectrum is
proportional to k−1. Overall the mean plankton is bounded
between the upper limit K and the lower limit 1 /K−1. For
our choice of the carrying capacity field the difference in
these limits is small; however in general the gap between
these limits can be much greater. For instance if the carrying
capacity field is high over most of the domain, but has small
regions of very low carrying capacity, this would give rise to
a large value for the mean but a very small value for the
harmonic mean 1 /K−1 and in this case the total amount of
plankton is very sensitive to the stirring rate or the scale ratio
.
The ecosystem model used here is very simple. It would
be interesting to apply a similar analysis to a more realistic
ecosystem such as a phytoplankton-zooplankton or nutrient-
phytoplankton-zooplankton NPZ model. In Pasquero 24
the dependence of the mean phytoplankton concentration on
the time scale ratio was found numerically for a NPZ system.
In that case the mean plankton concentration monotonically
increased with , unlike in our case where it decreases with
increasing . This also suggests the possibility that the mean
plankton may not depend monotonically on  for certain
ecosystem models, so that there could be an intermediate
value of  for which the phytoplankton/zooplankton has a
maximum. A recent study 25 analyzed the horizontal mix-
ing properties of two ocean upwelling systems using finite-
size Lyapunov exponent analysis. They found that horizontal
stirring and mixing have a negative correlation with biologi-
cal activity. This is what we qualitatively find in our simple
model where the phytoplankton decreases with flow speed.
In our model we were able to approximate the solutions in
the limits when  is very small or very large. However the
main patchiness observed in the spatial structure of plankton
seems to occur for intermediate values of . It would be
useful to find a means of studying these cases using some
analytical or reduced model.
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FIG. 8. Color online Plot of the spectral slope versus the 
main figure and 1 / inset. The crosses are the numerical results
and the solid lines are the estimate based on =1+2 /.
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